desired in mathematics teaching in general. Our approach would depend heavily on pupil conjecture: what is a good measure of (a) spread? (b) the 'best' straight line? (c) correlation? etc.
Pupil ideas could be formulated, tested in various situations and compared with the more standard measures. There is plenty of scope for a very imaginative approach to the subject, given the will to exercise it.
Clearly the role of assessment will also be vital. It will be necessary for the assessment methods to reflect the spirit of the course, and must not adversely influence the teaching. The challenge is to provide an exciting and stimulating course of study and one that is more rewarding for a greater number of pupils than that of present A-levels.
C. G. H. BELSOM
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Quasi-primes and the Goldbach conjecture N I C K MACKINNON
In 1742 Goldbach sent a letter to Euler which contained the conjecture that:
Every even number greater than 2 is the sum of two prime numbers.
It is easy to verify Goldbach's conjecture numerically up to some quite high limits but no proof has yet been found. I have long had the uneasy feeling that the conjecture is not about the prime numbers at all but would equally apply to any 'sufficiently dense' sequence of odd numbers. However a recent attempt to generalise the sieve of Eratosthenes has led me to regard Goldbach's conjecture with a good deal more respect.
I. The sieve of Eratosthenes
The sieve works as follows. From the natural numbers between 2 and N select the smallest number and delete all the numbers that are congruent to 0 modulo that number (i.e. that are divisible by that number). Continue this procedure until no further deletions are possible. The numbers that were selected as being the smallest at each stage, together with any that remain are the prime numbers. For example the numbers from 2 to 28 are sieved as follows.
Select 2 and delete 2, 4, 6, 8, 10, 12, 14, 16, 18, 20, 22, 24, 26, 28 Select 3 and delete 3, 9, 15, 21, 27 Select 5 and delete 25. 2, 3, 5, and 7, 11, 13, 17, 19, and 23 wanted to generalise the sieve to produce sequences of 'quasi-primes' with similar distributional properties to the prime numbers. My object in so doing was to test the generality of Gilbreath's conjecture of which more later. Eventually I hit upon the following. Instead of deleting numbers that are congruent to 0 modulo the smallest number, delete those numbers which are congruent to some other constant modulo the smallest number. The s-quasisieve deletes at each stage the numbers that are congruent to s modulo the smallest number remaining. For example the 10-quasi-sieve works as follows on the numbers between 2 and 30.
Select 2 and delete the numbers that are congruent to 10 mod 2. So 2, 4, 6, 8, 10, 12, 14, 16, 18, 20, 22, 24, 26, 28 , and 30 are deleted. Select 3 and delete the numbers that are congruent to 10 mod 3. So 3 and 7, 13, 19 and 25 are deleted. Select 5 and delete the numbers that are congruent to 10 mod 5. So 5 and 15 are deleted. Select 9 and delete the numbers that are congruent to 10 mod 9. Only 9 is deleted at this point. Select 11 and delete the numbers that are congruent to 10 mod 11. 11 and 21 are deleted. Select 17 and delete the numbers that are congruent to 10 mod 17. 17 and 27 are deleted at this point and in fact no further deletions would occur in the first 30 numbers. 2, 3, 5, 9, 11, 17, 23 and 29 are therefore the 10-quasi-primes up to 30. This short program in BBC Basic implements the s-quasi-sieve. (Readers who want to get ahead in the race to discover properties of the quasi-primes will want to write it in machine code as it is slow.) You should INPUT s% and then n% to run the s-quasi-sieve on the numbers from 2 to n%.
10 INPUT s% 20 INPUT n% 30 DIM a%(n%) 40 PRINT s% 50 FORi% = 2 T O n % 60 IF a%(i%) = 0 THEN GOTO 90 70 NEXT i% 80 GOTO 140 90 a%(i%)=l 100 FORj% = i%+l TOn% 110 IF j % MOD i% = s% MOD i% THEN a%(j%) = 2 120 NEXTj% 130 GOTO 70 140 FOR i% = 2 TO n% 150 IF a%(i%)<2 THEN PRINT i%; 160 NEXT i%
The s-quasi-primes
If 5 is an odd number the .s-quasi-primes turn out to be the even numbers. Not much interest there. From now on s is assumed to be even. Here then are the .s-quasi-primes up to 100 for even s from 0 to 10. 5 = 0 2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 37, 41, 43, 47, 53, 59, 61, 67, 71, 73, 79, 83, 89, 97 5 = 2 2, 3, 7, 13, 19, 25, 31, 39, 43, 49, 55, 61, 69, 73, 81, 85, 91, 99 
= 4
2, 3, 5, 11, 17, 23, 35, 41, 47, 53, 63, 65, 71, 77, 83, 93 , 95
2, 3, 5, 7, 17, 19, 29, 37, 47, 49, 59, 67, 77, 79 , 89 , 3, 7, 9, 13, 19, 25, 31, 37, 49, 51, 55, 61, 67, 79, 81, 91, 93, 97 5=10 2, 3, 5, 9, 11, 17, 23, 29, 41, 47, 53, 59, 71, 77, 83 , 89 There are infinitely many 5-quasi-primes: the proof mimics Euclid's proof that there are infinitely many primes. Supposing there are only finitely many q x , q 2 , . . . , q". Then after sieving by these q's there can be no other numbers left. For if there are any left the least of them is by definition an 5-quasi-prime. Consider P = nq, + s+l=s+l (mod q). So P has not been sieved. As it cannot itself be one of the q t being too large, it must be a new quasi-prime or else be sieved out by some new quasi-prime. This contradiction proves our result.
We will now write q(s, x) for the number of 5-quasi-primes no greater than JC. As usual n(x) will denote the number of primes no greater than x. It is very tempting to guess from numerical data that
Conjecture 1: n(x) > q(s, x) for all s>0 and all x.
However 7t(198) = 45 and q(\04,198) = 46. Counter examples to Conjecture 1 are, however, exceedingly rare. I have computed the quasiprimes up to 200 for 5 up to 106. From these I was able to make a guess at the most and least dense sequences and look at those more carefully. 5= 12 was not very dense and 5 = 104 which supplied the counter-example given seemed nearly as dense as the prime numbers themselves. I happen to have computed the 22-quasiprimes because of their particular interest. 
From this data there is no reason to disbelieve
Conjecture 2: q(s,x)« x/ln x.
This is the 'quasi-prime number theorem', which of course has been proved for s = 0 when it becomes the prime number theorem 7i(x)«x/ln x. There are two sorts of proof of the prime number theorem. The earliest proofs depend on properties of the Riemann zeta function. The more recent so-called elementary (i.e. no complex analysis) proofs depend on other properties of the prime numbers that relate to their multiplicative structure. If the quasi-prime number theorem could be proved then there ought to be a proof of the prime number theorem that depended only on the fact that the primes can be found by a particular version of the sieve. In other words there should be a still more elementary proof of the prime number theorem that makes no use of the multiplicative properties of the primes.
The Goldbach conjecture
From the numerical data so far the following conjectures can be made.
Conjecture 3: The Goldbach conjecture for the s-quasi-primes is false for all even s>0.
Proof of this conjecture for s = 6n + 2
For these values of s the sequence starts 2, 3,7 so that 8 cannot be expressed as the sum of two members of the sequence.
Proof of the conjecture for s = 4n, s>0
It is not possible to express s as the sum of two s-quasi-primes if s is of the form 4«. For suppose s = q + r with q and r s-quasi. As s = 4n, q # r so let q < r. Then r = s(modq) so that r would have been sieved out by q, which is a contradiction. (However if 5 = 4n + 2, s can be expressed as the sum of s/2 and s/2 so that the proof does not carry over to this case. It seems likely that if s = 4w + 2 then 3s is not expressible as the sum of two quasi-primes but the proof of this is elusive.)
None-the-less I have compelling numerical evidence for:
Conjecture 4: The s-quasi-primes are eventually Goldbach, i.e. given s there exists N such that every even number greater than N can be expressed as the sum of two s-quasi-primes.
The value of N varies wildly with s. Furthermore N cannot be predicted with confidence from behaviour for small numbers. For example the 22-quasiprimes look as though they will satisfy the Goldbach conjecture for all even numbers. Here are the 22-quasi-primes:
2, 3, 5, 9, 15, 21, 23, 29, 35, 39, 41, 53, 59, 65, 69, 71, 83, 89, 95, . ..
The first even number that is not the sum of two 22-quasis is 66 which is much
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Downloaded from https://www.cambridge.org/core. IP address: 54.70.40.11, on 11 Jun 2019 at 05:28:11, subject to the larger than normal. However the list of Goldbach failures for s = 22 is long but I think that the complete list has highest entry 3126. In amongst the list of Goldbach failures in the case 22 appears the startling arithmetic sequence 66, 96, 126, 156, 186, 216, 246, 276, 306, 336, 366, 396, 426, 456, 486, 516, 546, 576, 606, 636, 696, 726 . In view of the proof for s = 4n of Conjecture 3 we must perhaps expect long arithmetic sequences of Goldbach failures.
Conjecture 5 
Twin quasi's and the Gilbreath conjecture
There are a lot of unsolved conjectures about the prime numbers that carry over to the quasi-primes. There seem to be plenty of twin s-quasi-primes (i.e. instances of q and q + 2 being quasi-prime), except when * = 2 when of course q + 2 is sieved out with q. Another conjecture is that of Gilbreath's. This triangle should make things clear; list the prime numbers and construct a difference table: Gilbreath's conjecture is that there will always be l's down the left-hand side. The conjecture seems to be true for the s-quasi primes provided they get a good start with 2, 3, 5, 7 or 2, 3, 5, 9.
In conclusion, the .s-quasi-primes indicate that the Goldbach conjecture is not such a fluke after all. The conjectures in this article may be refutable by slightly deeper computations and hopefully some readers will feel inclined to do this. Certainly it would be most useful to know q(l2, x) for very large values of x. There are many other conjectures that can be made. Do get in touch with me if you make any progress.
NICK MACKINNON
Winchester College
Alice in Inductionland
JOHN BAYLIS AND ROD H A G G A R T Y
TWEEDLEDEE : I've started to educate myself, Alice, as you suggested. I found a little book in the Red Queen's library by some chap called Fibonacci. They had very quaint ways of describing themselves in those days: this book was. .. 'by Leonardo, the everlasting rabbit breeder of Pisa'. ALICE: Certainly unorthodox. What attracted you to it? DEE: Oh, I just thought the arithmetic would appeal to you. His rabbits all had very tidy habits. They were all young for one month, middle-aged for the next and old from then on. Each male/female pair stayed together all their lives and produced one new male/female pair at the start of every month of their old age.
WHITE RABBIT: Rubbish! We rabbits may be well organised but we don't behave like clockwork robots. It sounds as if your friend Fibonacci was really a mathematician and didn't want to admit it for some reason-unpopular with the government, probably. I'll bet the only rabbit he every thought about was Oryctolagus hypothetico! ALICE : Yes, all right, but that may not be a criminal offence if the arithmetic is interesting. Where does the arithmetic come from, Dee? DEE : Well, Fibonacci started with just one pair of new-born rabbits, and he wanted to know how his population would grow month by month. I found this table showing the number of pairs at the start of each month:
Start of month number 1 2 3 4 5 6 7 8 Number of pairs 1 1 2 3 5 8 13 21
